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Abstract
Steady two-dimensional flows from an angled structure into a lake or a reservoir
where the interface between the intrusion and the ambient fluid separates from a
solid wall is considered. The fluid is assumed to be of finite depth and the incoming
channel makes an angle α with the horizontal axis. The problem is formulated using
conformal mapping and integral equation techniques and the resulting problem is
solved using a surface angle approach. The shape of the interface is computed for
a range of entry angle and flow rate. Exact solutions are presented at a high flow
rate and compared with the solutions to nonlinear problem. Solutions with waves
are shown to exist on the interface at small flow rate and these are computed at
very small entry angles using a physical plane method. The case in which the lake
or the reservoir is stratified in density is also considered and separation height is
determined for different values of the stratification. In all cases, the parameter space
in which steady solutions exist is studied and limiting solutions are obtained. The
results have implications for the design of efficient inflow structures for reservoirs
and for water quality management.
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The behaviour of flows into reservoirs has attracted interest due to its importance
in water quality management (Imberger & Patterson 1993). Extensive field and
laboratory investigation of the reservoir have included study of the dynamics of river
inflow to the reservoir (e.g. Hebbert et al.1979) which was used in the development
of models such as DYRESM (DYnamic REservoir Simulation Model)(Imberger et
al. 1978). When river water enters into a lake or a reservoir, the density of the
inflow water will be different from the density of the receiving lake surface water
(Imberger and Hamblin 1982). If the inflow is less dense than the surface water of
the lake it will float along the lake surface as an overflow (Luketina & Imberger,
1987). However, if the inflowing water is denser than the lake surface water it will
plunge to the bottom of the lake as an under flow (Imberger & Patterson, 1989).
Once the underflow enters the lake it will continue flowing along the lake bed until
it reaches the level of its neutral buoyancy (Hebbert et al., 1979). At this level the
underflow leaves the river bed and intrudes horizontally into the ambient lake water
forming an intrusion (Imberger & Hamblin 1982, Forbes et al. 2006). Knowledge
of the formation of intrusion flows is still incomplete. Although the intrusions flow
in reservoirs and its formation has been studied extensively, few researchers have
focused their efforts on the model problem of flow in constant density layers with
a sharp interface. The present work is focused on intrusion flows along the bottom
with a single interface.
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In this thesis we consider a model for inflow that assumes irrotational flow of inviscid
fluid in two-dimensions. We also assume that the interface between different layers
of different density is infinitesimally thin. In reality the interface would be slightly
diffuse, viscosity may play a role and real inflows are not two-dimensional. If the
inflow has high speed then we would expect there to be significant mixing at the
interface.
However, as a preliminary study these approximations are reasonable on the scale
of the flows provided the flow is not too strong. While our interest here is mainly
on intrusion flows, the problems are also relevant to weir and waterfall flow where
the interface is between air and water, in which case the model is very accurate.
The assumption of the upstream flow being confined above by a rigid boundary is
necessary to employ the techniques used in this work, but it is unlikely to effect the
general behaviour of the flows.
1.2 Significance of the Research and Approach
This thesis will mainly focus upon improving the understanding of two dimensional
intrusion flows from an angled structure to model flow into a reservoir. This problem
is important in understanding the fundamental physics to improve reservoir models
and management techniques for the control of water quality in water supply reser-
voirs. Furthermore, a better understanding of the behaviour of the steady flow in
reservoirs will assist in describing biological interactions with physical processes and
turbidity (amount of sand particles). Very similar problems occur in groundwater
aquifers (Huyakorn 1987) in which plumes of fresh water flow into salt water regions
(flow in porous media).
In this thesis, the fully nonlinear free surface flow problem is solved numerically by
using a conformal mapping approach and also a physical plane method. Firstly, we
use a conformal mapping approach and integral-equation techniques similar to that
used by Hocking and Forbes (2007, 2009). The method is to construct an integral
equation for a function of a complex variable corresponding to particle velocity. The
idea is to seek a function Ω satisfying conditions of Cauchy’s integral formula, i.e
Ω is analytic and Ω −→ 0 as | ζ |−→ ∞ where ζ is a complex variable resulting
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from conformal mapping of the physical plane. Extracting the real and imaginary
parts and then applying Cauchy integral formula, the resulting equation can be
combined with the boundary conditions and solved as a set of nonlinear equations
using numerical methods.
A different method, the physical plane method, is used to obtain solutions with
waves on the free surface. While still using Cauchy’s integral formula, this method
gives more flexibility in specifying the physical parameters and we extend it to
consider other problems. In addition, the problem can be linearized and solved to
get an approximate solution to compare with the full nonlinear solution. A weakly
nonlinear analysis using the KdV equation will be included for the problem in which
waves result. Finally, the effect of a stratified background fluid is considered.
1.3 Outline of the thesis
This thesis is divided into 7 chapters including an introduction in Chapter 1 and
conclusions in chapter 7. Chapter 2 is a review of general information associated
with previous work. Chapter 3 presents the analytical solution at high flow rate
for free surface flow down a sloping river bed into the bottom of a lake. Chapter 4
presents nonlinear solutions for the problem with a range of different stream inflow
angles using conformal mapping and integral equation techniques. In chapter 5
extensive computer simulations are performed to obtain solutions with waves on the
downstream free surface for intrusion flows from an angled structure to model flow
into a reservoir. A direct physical plane formulation is used. Chapter 6 computes
solutions for intrusion of fluid of constant density along the bottom of a lake when





This chapter presents a literature review of general information associated with the
content of the following chapters.
2.1 Free surface flow and general formulation
2.1.1 General Formulation
The mathematical equations that model fluid flow are governed by using the prin-
ciples of fluid mechanics and in this thesis we will concentrate on two-dimensional
problems.
The continuity equation that presents conservation of mass is
∂ρ
∂t
+ div(ρq) = 0 (2.1)










where u, v are the velocity components in the x− and y− directions.
For an incompressible flow, i.e, the density of a parcel of fluid moving with the
flow does not change, and for steady state flow (∂ρ
∂t
= 0), the continuity equation
becomes
div q = 0




































The Bernoulli equation is derived from the Euler’s equations, considering the flow
along a streamline, and for an incompressible and steady flow (∂q
∂t
= 0) where q =
(u, v) is the velocity along a streamline, the Euler’s equations become
1
2
| q2 | +gy + P
ρ
= Constant (2.5)
which is the Bernoulli equation. A full derivation of these equations can be found
in Bachelor(1967).
If the flow is irrotational, so that curl q = 0, then together with the continuity
equation this means that we can introduce a potential function φ(x, y) and a stream













These are known as the Cauchy-Riemann equations and they imply that the equation
f = φ + iψ is an analytic function of z = x + iy. Both the stream function ψ and
the potential function φ satisfy Laplace’s equation in the domain of the flow. We
will later use this fact and Cauchy’s integral formula to solve these flow problem.
2.1.2 Open channel and free surface flow
An open channel is a canal, waterway or conduit in which water or some other fluid
flows with a free surface between the fluid and air or another fluid with different
properties. If the flow is not confined in some channel then it is often referred to
as a free surface flow. In many applications, the flowing fluid is water and the
fluid above is air that is usually assumed to be at atmospheric pressure and at
rest. Prominent examples for free surface flow include streams, rivers, canals and
man-made structures. The position of the free surface is unknown and its location
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must often be obtained by solving the continuity and momentum equation using
numerical simulations. Furthermore, the free surface in open channel flows is always
assumed to be at a constant pressure and the driving force of the fluid motion is
often gravity (Chanson 2004).
Free-surface flows are an important part of a wide range of engineering problems
and the nature of these free-surface flows varies significantly across the wide range
of physical problems in which they feature. Flows of layers of different density are
also free surface flows since the location of the interface is unknown. Examples are
flows over weirs, in rivers, reservoirs and oceans, under sluices and in many other
structures. Problems involving many of these flows and some of the methods used
to solve them are described in the recent book by Vanden-Broeck(2010). This thesis
examines a number of such free surface flows in two dimensions.
2.2 Flow into a reservoir
An intrusion occurs when a density current leaves the river bottom and propa-
gates horizontally into a stratified body of water. Intrusions are closely related
to gravity currents (Simpson 1997) which have been studied theoretically and ex-
perimentally by many researchers and the authors (Benjamin(1968); Manins(1976);
Mehta et al.(2002); Baines(2001)) described gravity currents flowing down a slope
into a stratified environment. This type of flow was observed and reviewed in the
field study by Hebbert et al.,(1979). In their field data, they indicated that the
occurrence of the intrusion can be observed along the bottom and mid-level layers
of the lake. In this thesis we will study such flows by considering flow from an angled
structure where the interface between the intrusion and ambient fluid separates from
a solid dividing wall (see Figure 2.1). When a stream of fluid with a free surface or
interface leaves a solid wall, the free surface near the detachment point can separate
smoothly or with a stagnation point (e.g. flow over a weir or flow under a sluice
gate such as in Vanden-Broeck (1996) and Binder & Vanden-Broeck (2005)) depend-
ing on Froude number. Hocking (1991) found solutions with smooth separation for
bow flow generated by a flat-bottomed ship using a conformal mapping method and
integral equation techniques. Hocking (1992) also obtained a smooth separation
6
Figure 2.1: Sketch showing the intrusion layer created when water enters a reservoir.
Downstream velocity U , depth H , height of separation D and the gap size G.
solution for a free surface flow down a vertical slope into a fluid of finite depth using
a similar method. Vanden-Broeck and Tuck (1994) observed the existence of flows
with a stagnation point when the free surface attaches to a vertical wall. Solutions
for the free surface with either smooth separation at relatively large Froude num-
bers, or with a stagnation point below a certain value of Froude number have been
obtained for the case when the fluid flows from a horizontal fissure by Hocking and
Forbes (2009). They used conformal mapping to transform the boundaries of the
flow domain into a straight line, and then numerical methods to solve an integral
equation.
Flows involving a free surface (as in open channel flow) have the feature that the
free surface can form into various shapes. The surface of the lake or the ocean is
usually distorted into patterns associated with surface waves. Numerous work has
been done on free surface flows past a semi-infinite flat plate and assumptions vary
with the investigator. McCue and Forbes (2002) found subcritical (F < 1) wave
solutions for flow past a semi-infinite flat plate of finite depth on the downstream
free surface. They also found waveless solutions but only when the height of the
plate above the bottom is greater than the height of the shear flow. Maleewong and
Grimshaw (2008) considered the same problem with a plate depressed into the water
using both nonlinear methods and the KdV theory. Nonlinear stern wave solutions
for flow over a semi-infinite flat bottomed body were described analytically and
numerically by Vanden-Broeck (1980).
The specific form of the intrusion into a reservoir sketched in Figure 2.2 has been
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described and studied by Forbes et al. (2006), Forbes & Hocking (2006) and Hocking
& Forbes (2007). In particular, Forbes et al. (2006) and Forbes & Hocking (2006)
examined stratified intrusion flow with constant density into three fluid layers. In
their system both the top and the bottom layers are stationary and of finite depth,
while the middle layer is in motion. Significantly, they presented two interfacial free
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Figure 2.2: An intrusion layer created when water enters a reservoir. Downstream
velocity U and depth H .
Forbes, Hocking and Farrow (2006) analysed nonlinear periodic waves on the
intrusion layer and they found two branches of solution; at a higher speed both
interfaces moved in phase, whereas they were out of phase at a lower speed. In
the second paper (Forbes & Hocking (2006)), solitary wave solutions were presented
using both a full nonlinear method and KdV theory to produce weakly nonlinear
solutions.
Hocking and Forbes (2007) discussed a model of a single layer steady intrusion
into a stagnant two layer fluid. Their work explored the effect of the stream-bed
slope when the water enters a reservoir and solutions were obtained for a range
of inflow angles, Froude number (flow rate) and density differences. They showed
that the steepness (amplitude divided by wavelength) of the waves on the intrusion
depends on the angle of the bottom slope when the water begins its intrusion path.
8
2.3 General formulation of the full nonlinear prob-
lem
Consider the two-dimensional, steady, irrotational flow of an inviscid, incompressible
fluid that intrudes horizontally beneath a layer of constant but lower density as
shown in Figure 2.1. The receiving fluid is assumed to be homogeneous. The density
of the fluid in the upper layer is ρ1 and in the intrusion itself ρ2. The upper layer
is assumed to be stagnant, but the bottom layer (of density ρ2 with ρ2 > ρ1) moves
at some mean speed U with mean depth H . The fluid has an interface η(x) above
the intrusion layer and the shape of it will be of particular interest. The intruding
fluid is assumed to flow in from a structure consisting of two solid boundaries at a
downward angle of α, separated by a perpendicular distance G, and with separation
of the free surface from the upper boundary at height D as shown in Figure 2.1.
Since the fluid system is assumed to be incompressible, inviscid and steady, the
Euler’s equations (2.3),(2.4) can be reduced to the Bernoulli equation
1
2
| q |2 +gy + P
ρ
= Constant.
which is valid everywhere inside the fluid.
Since the fluid is incompressible and the flow is irrotational then, as described in
section 2.1.1, we can define a velocity potential φ(x, y) and streamfunction ψ which














Now, let z = x+ iy be the physical plane (see Figure 3.1(a)). The mathematical
approach is to find a complex potential f(z) = φ(x, y)+ iψ(x, y), where the real and
imaginary parts satisfy Laplace’s equation ∇2φ = 0 and ∇2ψ = 0.
Now, in the upper, stagnant layer we have;
P1 + ρ1gη = P∞ + ρ1gH
and in the moving layer;
P2 + ρ2gη +
1
2






where, P∞ is the pressure on the interface a long distance downstream.
Since the difference in pressure across the interface must be zero, we obtain an












(| q |2 −U2) = 0
In order to reduce the number of parameters we non-dimensionalise the equation
with respect to the downstream velocity, U , and the downstream intrusion layer
thickness, H , so that the flow in the intrusion layer will have a non-dimensional
velocity Û = 1 and depth Ĥ = 1. The interface is then given as y = η(x) = η̂H ,
x = x̂H , and the non-dimensional velocity is q = q̂U . So that the pressure condition
becomes
η̂ − 1 + F
2
2
(û2 + v̂2 − 1) = 0 on ŷ = η̂(x) (2.6)
where F 2 =
U2
g′H






g is the modified gravity parameter, û and v̂ are the horizontal
and vertical components of velocity in the intrusion layer. Henceforth we will drop
the hats and assume all variables are non-dimensional. A similar problem where
the intrusion occurs between two stagnant layers was solved by Hocking and Forbes
(2007) using methods similar to those considered here, but our particular interest is
in the case where the intrusion occurs along the bottom of the lake.
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Chapter 3
Linear Solution for intrusion flow
3.1 Background
In this chapter we will present an analytical solution to the problem described in
the previous chapter for the limiting case of infinite flow rate or (zero gravity).
Numerical models of water flow into a reservoir are generally used to compute the
nonlinear solutions and predict the behaviour of the flow and the shape of the free
surface, but exact analytical solutions are suitable for testing the accuracy of these
numerical solutions. Taking the limit as F → ∞ and transforming the equations
to the well known airfoil equation [Tricomi 1957] make it possible to convert the
nonlinear equations into a linear system and then deduce an exact integral solution
and evaluate it numerically without any difficulty by using the computer package
MATLAB.
3.2 Solution method
To solve the fully nonlinear problem, we seek Ω = θ + iτ as an analytic function
defined by the relation
f ′(z) = u− iv = e−iΩ(z) = e−iθ+τ = eτe−iθ (3.1)
where θ is the angle that any streamline makes with the horizontal and eτ is the
speed of the fluid. Ω is an analytic function, hence we can use conformal mapping
around the boundaries of the flow domain to transform it to the upper half-plane
11
using the transformation w = eπf and then apply Cauchy’s integral formula to derive
an integral equation.
We map the complex f - plane to the complex w- plane by the transformation
w = eπf
which maps the flow domain between ψ = 0 and ψ = 1 in the f - plane to the upper
half of the w- plane. The mapped planes used in this procedure are shown in Figure
3.1.
Figure 3.1: Mapping planes used in method formulation.
The point w = wt corresponds to the point of separation where the interface
leaves the top solid boundary of the angled channel, so that the free surface ψ = 1,
φ > 0 lies along the negative real w- axis where w < wt. The point w = 0 corresponds
to the point C. The line between w = 0 and w = wt corresponds to the top sloping
12
wall of the channel, and the points between w = 0 and w = wb = 1 correspond to
the bottom of the channel. Applying Cauchy’s Integral Formula to the function Ω











dw = πi(θ + iτ) (3.2)
where Γ is the contour shown in Figure 3.2.
Γ
Upper half - plane
w0
Figure 3.2: Contour used in formulation of the integral equation. The contour avoids
the point w0.
Taking real and imaginary parts, we obtain
















where the integrals are of Cauchy principal value form.






















Since our particular interest is that the flow is along the bottom and flows down
a sloping river bed with an angle α, θ(w) is zero along the real w-axis given by
1 < w < ∞. Also, from the boundary shape θ(w) = α on the real axis where
wt < w < 1, while θ(w) remains unknown on the remainder of the real axis, which











unknown, −∞ < w < wt
α, wt < w < 1
0, 1 < w <∞
13
















Once θ is known everywhere on the boundary we can find τ using (3.6), and it is




































Integrating (3.8) and (3.9) we get
















The upstream velocity at the point w = 0 that corresponds to a line source at the













so, the size of the gap G is given by G = e−τ(0).
3.3 Solution in the infinite Froude number limit
In the limiting case as the Froude number becomes large, the velocity approaches a
constant value on the free surface and the integral equation in the w-plane becomes
linear. This occurs when the speed of the flow becomes very high.
In this case, as F → ∞, the equation of the pressure condition on the interface
2F−2η + |q|2 = 2F−2 + 1 (3.13)
14
reduces to
|q|2 = 1 (3.14)
⇒ e2τ(w) = 1 on y = η(x) (3.15)
and
τ(w) = 0 on y = η(x). (3.16)


















dw = 0 on −∞ < w < wt
(3.17)
In order to simplify the calculations, we extract the singularity as w0 → wt in (3.17)












































=⇒ w = wtu ⇒ dw = wtdu
so that
w → wt ⇒ u→ 1
and
w → −∞ ⇒ u→ ∞









































du = 0, 1 < u0 <∞ (3.21)
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Our solution strategy is mostly identical to that used by (Hocking 1991) and the
integral equation (3.21) can be solved by transforming it to the airfoil equation using





















































The equation (3.24) is an airfoil equation and its solution can be written down
directly from Tuck (1980) in terms of a singular integral as





























































































Figure 3.3: The interface shapes calculated for various values of the point of sepa-
ration wt for entry angle α = −π4 as F −→ ∞.
The only solution that is bounded at both ends of the interval is that for which





(1− s) 12 (1 + s) 12
ds (3.29)















Although this angle can be found numerically by using standard numerical tech-
niques, a semi-analytic solution to this integral can be found by using a result from
Glauert (1926) and Tricomi (1957).
The substitution
s = cosϑ =⇒ ds = − sinϑdϑ (3.31)


































































The value of the coefficients aj, j = 1, 2, ... can be obtained by using the orthogonality
























j=1 aj sin jϑ0 sin ϑ0































































aj cos jϑ0. (3.36)
where the coefficients aj , j = 1, 2, ... can be obtained from (3.33).
The size of the gap, which is given by (3.12) can be evaluated exactly using












































after some calculation we obtain













from (3.22) and (3.31) u = cos−2 ϑ
2












































































































from (3.33) and using the integral in Gradshteyn & Ryzhik (1965)
∫ π
0





















































































therefore the size of the gap can be computed as















This exact equation produces solutions for a limiting case at a high Froude number
for a range of different inflow angles and will provide a comparison of the numerical
scheme in the next chapter.
























Figure 3.4: Size of the Gap against the separation height for several values of wt and








at high Froude number F → ∞.
The free surface shape can then be determined exactly as
x(ϑ0) = x(wt) +
∫ ϑ0
0
cos θ(ϑ0) tan(ϑ0/2)dϑ0 (3.50)
y(ϑ0) = y(wt) +
∫ ϑ0
0
sin θ(ϑ0) tan(ϑ0/2)dϑ0 (3.51)
3.4 Results
The shape of the free surface was computed for a range of entry angles at the limiting
case of infinite Froude number and the size of the gap calculated exactly for each
angle α. Figure 3.3 shows the interface shapes calculated for various values of the
point of separation wt (the point at which the interface connects to the slope) for
20
entry angle α = −π
4
. The free surface has different values of separation height and
gap size depending on the separation point.























Figure 3.5: The relationship between the separation height and separation point wt









The major result of this chapter is shown in Figure 3.4. In Figure 3.4, the
separation height of the free surface is plotted against the gap size for different






, and − π
10
for a range of values of wt. For
each case, the angle was fixed and the point of separation allowed to vary. It was
found that, as wt decreases in magnitude, the separation height increases while the
size of the gap decreases. In fact at large negative values of wt (wt → −∞), the
height of separation has almost the same value for every fixed angle α, and the size
of the gap widens, but as wt → 0 the fluid rises to a maximum height at hs = 4.3
for α = −π
2
, hs = 3.03 for the angle α = −π4 , and hs = 1.87 with an entry angle
− π
10
, while the gap size for each case narrows and all curves start to level off at a
finite values of the gap close to G = 1. In addition, the limiting size of the gap was
approximately the same for all different values of the angle α, but the height of the
separation was different depending on the angle. Note that the separation height
increases as the size of the gap decreases.
21




















Figure 3.6: The relationship between separation point wt and gap size for various
entry angles as F −→ ∞.
Figure 3.5 shows the relationship between the separation height and the point
of separation wt for different slope angles α = −π2 ,−π3 ,−π4 and − π10 . This implies
the result given in Figure 3.4. It is clear that, as wt is decreased in magnitude
(wt → 0), the separation height of the interface increases rapidly and all curves
appear to remain almost straight until the minimum value wt = 0.0001 is attained
and then start to level off until the maximum height is reached.
Figure 3.6 shows the relationship between the point of separation wt and the size
of the gap. It is clear that changing wt has a significant effect on the size of the
gap. It can be seen from the figure that as wt → −∞ the gap size has a very large
value, reaching up to G = 6.47 at α = −π
2
, and starts to decrease as we increase wt.
Increasing the value of wt further to zero, the gap size decreases until it reaches to
a value close to one suggesting that G→ 1 as wt → 0.
3.5 Hodograph
An alternative method to obtain a solution at a high Froude number is the hodograph
mapping. In this method we introduce the physical plane Z, the complex variable
22




= u− iv = W. (3.52)
where u and v are the x− and y− components of the fluid velocity, and W- plane
(with axis u and −v), is used as the hodograph plane.
Since the system is assumed to be governed by irrotationality and incompressibility,
this leads to (u, v) = ▽φ, with Laplace’s equation
▽2φ = 0 (3.53)
holding for the velocity potential φ. Bernoulli’s equation with the condition of
no flow across the solid boundaries and on the interface which can be described
by ψ = Constant, and the condition of constant pressure on the free surface then
becomes, in dimensionless form
2F−2y + (u2 + v2) = 2F−2 + 1 on η(x) = y (3.54)
Taking the limit as
F → ∞ (3.55)
we obtain u2+ v2 = 1, which lies on the unit circle in the hodograph, the W - plane.
Therefore the free surface shape in the W - plane is described by
W = eiβ , β ∈ [0, α]



























Figure 3.7: Planes used in hodograph mapping.








the fluid region in the W - plane can be then transformed onto the upper half plane























⇒ 2ξ = V
2 + 1
V
⇒ V 2 − 2ξv + 1 = 0 ⇒ V = ξ ±
√
ξ2 − 1. (3.57)
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The equation for a line source of strengthQ in the ζ- plane representing the upstream
flow is given by






ln(ξ − 1) (3.58)
taking U and w as the units of velocity and width respectively and nondimension-















ξ − 1]. (3.60)

























































































ξ − 1 dξ (3.66)
These equations are not singular, and it is easy to compute them using numerical





The main objective of this chapter is to present the numerical solutions that are
computed for a model of a single intrusion resulting from a stream of fluid flowing
down a sloping river bed with an angle α and along the bottom of a lake. The
downward flow separates at some point from the solid wall as it enters the lake
forming a single interface which either separates smoothly, or at a corner with a
stagnation point. The problem under consideration can be solved with the use of
conformal mappings and integral-equation techniques, similar to those in section
3.2.
There are only two different types of separation point, one in which the interface
separates smoothly, and the other in which the surface rises to form a stagnation
point (Vanden-Broeck & Tuck 1994). We will now consider these two types using
the surface-angle method.
4.1.1 Smooth separation




arcsin u−1/2 + δb(u)
where u = w
wt

































































































du −∞ < u0 ≤ 1
(4.2)


















This equation can be solved using discretisation along the free surface.
4.1.2 Stagnation point
When the flow slows, and the flux from upstream decreases, a critical value of Froude
number occurs beneath which a steady solution will no longer exist. As this critical
value is approached, the interface near to the separation point bulges inside and
begins to develop a corner. This type of separation is a stagnation point (Vanden-
Broeck & Tuck (1994)), and it happens at a unique Froude number. This point
has a different behaviour to the smooth separation points, and we need a modified
method to get the solution.












where A is a constant.
Also, we have
z = x+ iy = reiθ = r cos θ + ir sin θ on ψ = 0, φ < 0





F 2|f ′(z)|2 = 0 on y = r sin θ (4.5)
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i.e.





|2|r 1κ−1|2 = 0 (4.6)
so, it is consistent as r → 0 only if either










Therefore, the only possible values for the angles between the side of the solid wall
and the free surface are 2π
3
or −π. The −π case corresponds to the surface leaving
perpendicular to the wall, while the 2π
3
case corresponds to the free surface leaving
the solid wall at an angle γ = α− π
3








where γ = α for smooth separation as above, and since the angle must be γ = α− π
3






) arcsin u−1/2 + δb(u)

















































du, −∞ < u0 ≤ 1. (4.8)
4.2 Numerical procedure
4.2.1 Smooth separation case
The solution to the fully nonlinear problem given by (4.3) can not be found analyti-
cally, however it can be obtained quite well using numerical techniques. The method
28
is to generate a set of N nonlinear equations at a set of N unknown values of the
surface angle δb along −∞ < w < wt. In order to solve this system of equations, we
firstly change the independent variable to be with respect to φ rather than w since
φ ∝ x along the interface, so that
w = wte
πφ, dw = wtπe
πφdφ













, 0 < φ0 <∞
The integral to infinity was truncated at a finite large value φT . The singularity








1− eπ(φ0−φ) dφ+ δb(φ0) ln(
1− eπ(φT−φ)
1− e−πφ )
The interval (0, φT ) was discretized into a set of N equally spaced values of points
φi where i = 1, 2, ..., N , with point spacing ∆φ =
φN − φ0
N
. The integral can now



















1− eπ(φk−φi) = δ
′
b(φk)
the integral for i = k can be dealt with correctly.
Values of N up to 650 were used, and solutions were found to be accurate to
graphical accuracy with N = 450 points. Two versions of the computer program
were used along the free surface. The first version was for the algorithm of smooth
separation. In this version wt and F were provided, and once δb was obtained, the
shape of the free surface and the size of the gap were computed. At a fixed value
of Froude number and inflow angle, the upstream height gradually increased until
the program failed to converge. In the other program, the value of F was treated
as unknown, i.e F is an output variable, an extra equation was obtained by forcing
velocity to be zero at the separation point.
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4.2.2 Stagnation-point case
For the stagnation point case, we substitute w = wte


















The other equations remain the same and the numerical scheme converged as in the
previous subsection.
4.3 Results
4.3.1 Smooth and stagnation point solution
Simulations were performed for a range of different inflow angles and flow rates. It
was found that solutions exist for all Froude numbers above some lower value, up
to and including the F → ∞ case. For each angle of the entry structure there is a
range of minimum solutions depending on the flow rate and the separation point.
When the Froude number is set to infinity, the nonlinear solutions agree very
closely with the analytic solution given in the previous chapter. A comparison of the
exact solution for the infinite Froude number and nonlinear solution at large Froude
number at the same entry angle α = −π/3 and same separation point wt = −5
is shown in Figure 4.1. We observe that the linear solution and nonlinear solution
are in a good agreement and the two solutions are almost identical. This serves
to verify the accuracy of the numerical scheme. In addition, a comparison of the
solution with N = 200 and N = 400 showed no discernible difference.
Figure 4.2 shows solutions for different values of Froude number at the angle
α = −π
2
. A solution was first obtained at a large value of Froude number F = 21,
and then F was decreased until the method failed to converge. It was found that at
higher values of F the free surface separates smoothly, but as we decreased the flow
rate, the shape of the free surface started to form a corner. The results show that
the solution where the free surface detaches from the solid wall at the stagnation
point for the case α = −π
2
can not be found for values less than two. For example,
in the case shown in Figure 4.2 the limiting solution was at F = 2.12 and it was
found that no steady solution can exist for F less than this value. Solutions similar
30



















Figure 4.1: Plot showing a comparison between linear and nonlinear solutions at
the entry angle α = −π/3 and separation point wt = −5. The nonlinear solution is
shown as a dashed line and the linear solution is shown as a solid line.
to those described above have been found by Hocking & Forbes (2009) when the
fluid is flowing from a horizontal fissure into a two-layered fluid region.




















Figure 4.2: Plot showing solutions with a stagnation point at angle α = −π
2
. As F
decreases the jet narrows until it approaches the stagnation point flow. F = 21 is
graphically indistinguishable from the case F → ∞.
Figure 4.3 shows solutions with a stagnation point for the entry slope at an
31


















Figure 4.3: Plot showing solutions for different values of F with stagnation point
case at the angle α = −π
3
. As F decreases the interface approaches the stagnation
point. F = 10 is graphically indistinguishable from F → ∞.
angle α = −π/3. The ratio of the Gap size to the stream height was fixed at the
value H/Gap = 0.68 for all different values of the Froude number. Again, as the
Froude number decreases further and further from infinity, the gap narrows and
the interface appears to develop a corner. Using the formulation in Sec 4.1.2 the
minimum flow rate was found at F = 1.85, as shown in 4.3. Typical free surface
profiles for different values of F with stagnation point case at the angle α = −π
6
are
shown in Figure 4.4. As F decreases the interface approaches the solution with a
stagnation point. F = 8 is graphically identical to F → ∞.
An interesting result of this work is that, if there is a solution with a lower
inflow rate, there is always found to be another solution at the same inflow rate
for a range of separation points. In fact, for fixed Froude number we are able to
obtain free surface solutions with different values of the separation height and same
gap width. Thus there is a non-uniqueness in the solutions if the flow rate is very
close to the minimum where the stagnation height is established. In order to find
these solutions, we start to find a solution at a small Froude number by fixing the
separation point wt at one value and decreasing the Froude number. We fix the gap
width of the previously calculated solution by allowing the separation point wt to
32
be an output in the code to find the other solution. An example of these non-unique
solutions is shown in Figure 4.5 which presents two solutions with the same gap size
but different separation heights at wt = −0.1 and wt = −1.9448 for a given Froude
number F = 2.18 and entry angle α = −π
2
. The solution at wt = −0.1 gives a free
surface solution with a stagnation height ys =
1
2
F 2+1. Further solutions were then
obtained by gradually decreasing the separation point and using the gap size from
every solution until we get the unique solutions that have the same gap size and the
same separation height.
Figure 4.6 shows another example for free surface profiles that have the same
gap width and different height at wt = −0.041 and wt = −1.2349 for a fixed Froude
number F = 2.165 and entry angle α = −π
3
.















Stagnation point flow F=1.72
Figure 4.4: Plot showing solutions for different values of F with stagnation point
case at the angle α = −π
6
. As F decreases the interface approaches the stagnation
point. F = 8 is graphically identical to F → ∞.
Furthermore, we found that as Froude number F increases the range in which
these non-unique solutions exist decreases, similar to the situation shown in Figure
4.7(a) when F = 2.3. We note that, increasing Froude number further to infinity
leads to a unique solution. Similar results are shown in Figure 4.8 for the case of
α = −π
3
and the range in which the non-unique solutions can be located is reduced
as Froude number is increased.
33


















Figure 4.5: Typical free surface profiles with the same gap width and different height






















Figure 4.6: Typical free surface profiles with the same gap width and different height
at wt = −0.041 and wt = −1.2349 for a fixed Froude number F = 2.165 and entry

























Student Version of MATLAB















Figure 4.7: Non-uniqueness of solutions at different Froude numbers and fixed angle
α = −π
2
. (a) Non-uniqueness of solutions for different values of Froude number
F = 3, 2.23, 2.2 and F = 2.18 at a range of different separation points. (b) Plot
showing the relationship between the separation point wt and the gap width G.
The solid curve demonstrates where these non-unique solutions are located and the
dashed curve shows the separation height for every solution.
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Figure 4.8: Plot showing non-uniqueness of solutions at different separation points
and for F = 3, F = 2.3, F = 1.9 and F = 2.165 at a fixed angle α = −π
3
.
4.3.2 Solutions with waves
None of the solutions discussed above for smooth separation were found to have
waves on the surface. This is because in all cases the upstream Froude number
was greater than one. However, using the numerical scheme with a very small entry
angle and very small Froude number (F < 1) we obtained another branch of solution
in which waves appear on the interface. Figure 4.10 presents a wave solution for
the angle α = −0.08 with a minimum upstream Froude number F = 0.45, while
Figure 4.9 presents a solution with waves for the angle α = −0.04 and Froude
number F = 0.85. We attempted to find the minimum Froude number for every
fixed entry angle, but the numerical scheme struggled to converge and in many
cases failed. Due to the problems with convergence because of the waves, and the
difficulty in specifying the physical parameters of the problem such as inflow width
and separation height we will develop and apply a different method in the next
chapter to consider the low Froude number solutions.
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Figure 4.9: Solutions with waves for gap= 0.98, α = −0.04 and F = 0.85.



















We consider the flow into a reservoir from an angled structure where the free surface
or (density interface) of the fluid separates at some point on the solid wall (see Figure
5.1). The fluid is assumed to be of finite depth and the incoming channel is angled
with some angle α and average downstream depth H . This is a model for inflow
of dense (salty) fluid into a lake from a stream or through a man made inflow
structure e.g. sluice gate. In the previous chapter we were unable to specify the
physical parameters of the problem and so here we use a different approach that will
allow much more control over the problem parameters.













Figure 5.1: Definition sketch of an intrusion flow from an angled structure with
waves on the free surface.
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5.2 Problem formulation
We consider the steady two-dimensional free surface flow that separates from an
angled plate of finite depth as shown in Figure 5.1. The fluid is uniform with
constant velocity U and depth H . The free-surface detaches from the angled plate
at the point (x, y) = (0, D) where D = H ± d and d is the height of the plate above
or below the average downstream depth H . The bottom surface is y = B(x) and
the free surface of the fluid is y = η(x) which is unknown and will be computed as




Figure 5.2: Contour used in formulation of the integral equation.
We nondimensionalize variables with respect to downstream velocity U and
height H , so that the flow will have a non-dimensional depth Ĥ = 1 and speed
of Û = 1. The system is characterized by four important parameters;
F = U/
√
gD, D̂ = D/H, Ĝ = G/D, α, (5.1)
where F is the Froude number, D̂ is the height of separation, Ĝ is the width of the
outflow gap, and α is the angle of the down slope. For convenience, we henceforth
drop the hat on the non-dimensional variables.
The conditions that the flow can not cross the free surface or be through the bottom












on y = b(x) (5.3)
where u and v are the horizontal and vertical components of the fluid velocity,





F 2(u2 + v2 − 1) + η = 1 on y = η(x). (5.4)
5.3 Boundary integral formulation
We now describe the boundary integral method that we will use to examine the
earlier wave solutions presented in section 4.3.2 and to extend the work to provide
more comprehensive results. Here we will just present essential details, but a com-
plete derivation for a very similar problem can be found in Forbes (1985). Since the
fluid flows irrotationally and the fluid is incompressible, we can define a complex
potential function f(z) = φ+ iψ, where φ(x, y) is the potential function, and ψ(x, y)
is the stream function, while f
′
(z) = u− iv is the complex velocity.
Since f(z) is an analytic function, we can apply Cauchy’s integral formula to the
function f
′



















where the curve Γ is a closed path consisting of the free surface and angled plate
connected by two vertical lines at x = ±∞, and z0 = x0 + iy0 is a point on the





dx = iπu0 + πv0 (5.7)
where u0 = u(x0, y0) and v0 = v(x0, y0). Now,
iπu0 + πv0 =
∮
Γ
(u− iv)[(x− x0)− i(y − y0)](dx+ idy)





[u(x− x0)− iu(y − y0)− iv(x− x0)− v(y − y0)](dx+ idy)
(x− x0)2 + (y − y0)2
and we obtain
iπu0 + πv0 =
∮
Γ
u(x− x0)dx+ u(y − y0)dy + v(x− x0)dy − v(y − y0)dx




−u(x− x0)dy + u(y − y0)dx+ v(x− x0)dx+ v(y − y0)dy
(x− x0)2 + (y − y0)2
(5.9)
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Taking the imaginary part of this, we obtain the equation for u0 = u(x0, y0), where






[u(y − y0)− u(x− x0)y′ + v(x− x0) + v(y − y0)y′]







u[(y − y0)− y′(x− x0)] + v[(x− x0) + y′(y − y0)]







u[(η − y0)− η′(x− x0)] + v[(x− x0) + η′(η − y0)]






u[(b− y0)− b′(x− x0)] + v[(x− x0) + b′(b− y0)]
(x− x0)2 + (y − y0)2
dx (5.12)
where ΓT and ΓB are the contours shown in Figure 5.2.
Now, we truncate the domain at x = ∓xL to evaluate the integral in equation
(5.12), and discretise the problem by taking mesh points xL = −xL+(i−1) 2xLN−1 , i =
1, 2, ..., N . Making an initial guess for the free surface η, and the horizontal com-
ponent of the free surface velocity uT and the bottom velocity ub at the same set
of points, we can evaluate equation (5.12) at each point. The velocities on the free
surface are denoted as (uT , vT ), while those on the bottom are defined as (ub, vb).
Note that vb = 0 on the horizontal part of the bottom surface.
When we evaluate uTi, the horizontal velocity at xi, i = 1, 2, ...N , the singularity
in the Cauchy principal value in the integral in equation (5.12) can be removed by


















[(η − bi)− b′∆x+ v∆x+ b′(b− η)]dx
∆x2 +∆y2
(5.13)













ub[(b− ηi)− b′∆x] + vb[∆x+ b′(b− ηi)]



















i = 1, 2, ..., N where ∆x = x− xi and ∆η = η − ηi.




























uT [(η − bi)− η′∆x] + vT [∆x+ η′(η − bi)]
∆x2 + (η − bi)2
dx
i = 1, 2, ..., N (5.15)
Once we make a guess for the bottom velocity ubi and the free surface velocity uTi
and the free surface shape ηi, i = 1, 2, ..., N , we compute the error in the integral
equations, (5.14) and (5.15), along with the error in (5.4) and use the Newton’s iter-
ation scheme to find top and bottom velocity components uT (x) and the free-surface
elevation y = η(x). The fsolve routine in Matlab was used for some calculations,
but some were also computed in Fortran for very large N .
It was essential to include an approximation to the derivatives of η in the equa-






Σmi=0Aif(xi), where Ai are weights given in Abramowitz and Stegun (1972). If
this was not used the solution for the free surface became jagged. The integrals were
then approximated using the trapezoidal scheme.
Most computations of the results were done with N = 600 corresponding to
3N = 1800 points along the interface. Some test runs were performed withN = 1500
points to confirm that the solutions matched to graphical accuracy with those for
N = 600. Figure 5.3 shows three free surface profiles for a horizontal entry structure
with different numbers of points at the height h = 1.01 and Froude number F = 0.5.
The dashed line shows solution run with N = 200, the dotted line is a solution with
N = 600 and the solid line represents a free surface solution runs with N = 800. It
is clear from the figure that using N = 600 in the numerical scheme is almost the
















Figure 5.3: Free surface profiles with different number of points for a flat structure
with height h = 1.01 and Froude number F = 0.5. The dashed line shows the
solution with N = 200, the dotted line is a solution with N = 600 and the solid line
represents a free surface solution with N = 800.
5.4 Numerical Results















Figure 5.4: Free surface profiles for a horizontal entry structure with height h = 1.01
and Froude number F = 0.5.
We begin by finding the numerical solution to the complete non-linear problem for
the case with waves on the downstream free surface when the flow separates from
a horizontal plate (α = 0) and when elevation D is close to one. This has been
considered previously by Maleewong & Grimshaw (2008) and Ogilat et al.(2011).
The solutions are a train of waves down stream as shown in Figure 5.4, in which
D = 1.01 and flow rate F = 0.5. Solutions were obtained for different values of
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Froude number, and it was found that for each value there was a maximum and
minimum separation height beyond which no solution could be obtained. It was
not possible to find solutions for values of separation height outside of the range
0.0894 < D < 1.09 for the angle α = 0 with flow rate F = 0.6. Limiting solutions
are shown in Figures 5.5(a) and 5.5(b) for the two limiting cases D = 0.894 and
D = 1.09. Note that these limiting solutions have sharp peaks and broad troughs,
as the highest wave steepness is approached. These results of the case α = 0 are
consistent with those of Maleewong and Grimshaw(2008). Further solutions were
































Figure 5.5: (a) free surface profile for an entry angle α = 0 with a minimum sepa-
ration height D = 0.894 for fixed value of Froude number F = 0.6, (b) free surface
profile for an entry angle α = 0 with a maximum separation height D = 1.09 for
fixed value of Froude number F = 0.6.
The same behaviour was observed for each value of the angle α as for α = 0,
i.e. there were limits of separation height on the solution domain. Also, there were
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limits on the range of α for which solutions could be computed. It was not possible
to obtain solutions for values of α greater than α = 0.18, since for larger values of
α, the method failed to converge.
The maximum separation height for each entry angle α is shown in Figure 5.6 for
three different values of Froude number F = 0.4, 0.5 and 0.6. It was found that for
any fixed value of Froude number, the maximum separation height at which wave
solutions exist decreases as the angle α increases. Also, as the Froude number is
decreased, the maximum height reached for each angle was found to increase as
shown in the Figure 5.6.






























Figure 5.6: Plot showing the maximum separation height for each angle, for different
Froude numbers F = 0.4, 0.5, 0.6.
Figures 5.7(a), 5.7(b) and 5.7(c) show the relationship between the steepness S
of the downstream waves (S =Amplitude/wavelength) and the separation height of
the angled plate for three different values of angle α = 0.03, 0.05 and 0.075. Figure
5.7(a) presents the relationship when the Froude number was fixed at F = 0.5 and
Figure 5.7(b) for a fixed Froude number F = 0.6, while Figure 5.7(c) shows the
case with F = 0.4. In each case, at a given entry angle the separation height was
gradually increased from the minimum value until reaching the maximum value. It
can be seen from the figures that the behaviour of the solutions is qualitatively the
same in the three cases. It was found that as the value of the separation height
increases from the minimum the steepness decreases until it approaches a value
of elevation close to 1, after which the wave steepness starts to increase as the
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Figure 5.7: (a) Wave steepness against separation height for α = 0.03, α = 0.05,
and α = 0.075 at Froude number F = 0.6, (b) Wave steepness against height for
α = 0.03, α = 0.05, and α = 0.075 at Froude number F = 0.5, (b) Wave steepness
against height at α = 0.03, α = 0.05, and α = 0.075 at Froude number F = 0.4.
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separation height is increased until it reaches the maximum value of the height for
which solutions were obtained. Moreover, these figures show that when the Froude
number is fixed and the angle increases, then for the separation height D < 1 the
wave steepness S appears to be independent of angle α. However, when D > 1 the
steepness increases as the angle increases. As the limiting solution is approached,
the waves become non-linear in shape with sharp crests and broad troughs. It is
likely that the method fails as the solutions approach the highest wave steepness of
S = 0.14 (Stokes limiting configuration). Examples of free surface profiles calculated
with D > 1 are shown in Figure 5.4.1. The dot-dashed profile was computed with
D = 1.0025, and the solid profile was computed with D = 1.01, while the dashed
profile was computed with separation height D = 1.04. In all cases the Froude
number was F = 0.6 and α = 0.03.











Figure 5.8: Free surface profiles for the entry angle α = 0.03 and Froude number
F = 0.6. The solid profile corresponds to the point A in the Figure 5.7(b) where
D = 1.01 and the dot dashed profile corresponds to the point B where D = 1.0025,
while the dashed profile corresponds to the point C where D = 1.04.
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5.4.2 Solution Regions
The nonlinear simulations were carried out to determine the range of the entry angle
over which solutions with waves can be obtained, and the range of the separation
height in which these solution exists, and this is one of the main results in this work.
Mathematically, these downstream wave solutions can be continued and extended
at positive values of α (see Figure 5.9). Although this is not common in the physical
configuration, it can be used to describe a flow in which the water is pumped up a
slope to the reservoir.



















Figure 5.9: Free surface profile showing a wave solution for a positive inflow angle
α = 0.2 with height D = 1.01.
We present results for four different cases of Froude numbers, F = 0.4, 0.5, 0.6
and 0.9, and we found that the general behaviour was the same for all Froude num-
bers considered. Using our numerical method, for each fixed value of flow rate F ,
we fixed the height of the elevation and increased the sloping angle α from zero
until the iteration failed to converge. This yielded the maximum entry angle we
were able to obtain. Figure 5.10 demonstrates results of the numerical simulation
for entry angle corresponding to the height of evaluation and shows the region in
which these solutions exist for the F = 0.5 case. It was found that, for each fixed
value of the separation height, there is a maximum entry angle beyond which no
solutions can be found. In particular, the solutions with downstream waves have
been obtained for sloping angle up to α = 0.16 with separation height D = 0.96 for
the case F = 0.5, and as the height of the separation increases, the maximum entry
angle reached decreases until approaching the value of angle α = 0.01 with elevation
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Figure 5.10: (a) shows the region in which wave solutions exist for F = 0.4 (b)
shows the solution region for the case F = 0.5 (c) shows the solution region for
the case F = 0.6 (d) shows the solution region for the case F = 0.9. Dashed lines
demonstrate the upper bound on the angle α, the solid line presents the lower bound
on α while the dotted line shows the stagnation pressure height.
height D = 1.05. Moreover, as we decrease the height, the maximum entry angle
increases until reaching a certain value of the separation height and then starts to
level off near the minimum height at which a solution was obtained. Furthermore, it
can be seen from the Figure 5.10 that solutions were obtained for a range of height
0.9225 < h < 1.05, and we were unable to obtain convergence of the solution of
negative entry angle outside of this range.
The lower curve in the figure demonstrates the upward flowing solutions (with neg-
ative α) and it was found that as the height of separation was increased, the angle α
decreases and solutions could be obtained down to a sloping angle α ∼= −π/4 with
height D = 1.12. We looked at the case where the solution is close to this limiting
value of α and we observe that as the height of separation is moved closer to the
49
stagnation height ys =
1
2
F 2 + 1, the waves become smaller with rounded tops and
bottoms and they are not as in the limiting wave profiles. This is shown in Figures
5.11(a) and 5.11(b) where the free surface shape calculated at the separation height
D = 1.12 with maximum upward entry α = −0.695 (in Figure 5.11(a)) and with
separation height D = 1.08 and maximum upward entry angle α = −0.395 (in Fig-
ure 5.11(b)). It seems that there is a stagnation point at the separation point and




F 2 + 1. Noting that, it was very difficult to get exact values for the limiting
solutions since the convergence becomes much slower as the entry angle approaches
the maximum and minimum values. This behaviour can be observed for all Froude
numbers considered. It is clear that for this situation the limiting solution is dictated




































Figure 5.11: (a) Free surface profile calculated at entry angle α = −0.695 (upward
flowing entry) with separation height h = 1.12 for F = 0.5. (b) Free surface profile
calculated at entry angle α = −0.395 (upward flowing entry) with separation height
h = 1.08 for F = 0.5.
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It is interesting to note that the figures 5.10(a), 5.10(b) and 5.10(c) which cor-
respond to the values of Froude numbers F = 0.4, 0.5 and F = 0.6 respectively,
have roughly the same pattern and the lower limiting value which the entry angle α
takes is close to α = −π
4
. However, for the case with F = 0.9, solutions break down
before this limiting value of α is reached.
5.4.3 Solutions with a small single corner
In this section we consider an inflow structure with a small trailing edge corner.
One goal of the design of such an inflow structure might be to minimize wave drag.
Solutions in section 5.4.1 do not appear to exist for which the wave height is negli-
gible except for the trivial case α = 0 and D = 1. In this section, we consider the
addition of a small trailing angle to see if the flow can be modified to minimize wave
amplitude and hence drag. Here we consider such a structure with a single corner
(see Figure 5.12) to test if a lower wave amplitude can be obtained (and hence lower
energy losses) by incorporating a corner at some different angle as the water enters.




















Figure 5.12: Definition sketch showing a wave solution for an inflow structure with
a small single corner.
Examples for this situation are shown for two cases with fixed values of entry
angle α = 0.04, and Froude number F = 0.5 (see Figures 5.13, 5.14), where Figure
5.13 presents a wave solution with a negative value of a single corner angle β = −0.02
and separation height h = 1.005, while Figure 5.14 presents a solution for β = 0.004
















Figure 5.13: Plot showing a wave solution for an entry angle α = 0.04 and a single
















Figure 5.14: Plot showing a wave solution for an entry angle α = 0.04 and a single
corner with angle β = 0.004, at separation height D = 0.998.
Steepness against the single corner angle β was plotted for three entry angles
α = 0, 0.02, and 0.05 and three different separation heights of each case D =
0.992, 1, 1.008, and they are included in Figures 5.15(a),5.15(b),and 5.15(c). In the
three cases, the angle β was increased upward from a small negative value until
the method failed to converge. It was found that as we increased the angle β at a
fixed separation height, the wave amplitude decreased until approaching a value of
β close to the value of the entry angle α, after which the value of the wave amplitude
began to increase again. Therefore, for each case there is an angle for which there
is a minimum steepness, and this minimum increases as the entry angle α increases.
The minimum steepness occurs at a value of the trailing edge with β = α and at
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Figure 5.15: (a) Wave steepness for different heights D = 0.992, 1 and 1.008 at
α = 0.0, and Froude number F = 0.5 (b) Wave steepness for different heights at
α = 0.02 and Froude number F = 0.5 (c) Wave steepness for different heights at





















Figure 5.16: Typical free surface profiles when α = 0.02 with fixed separation
height D = 0.992 and fixed Froude number F = 0.5 are shown in corresponding
to the points A′, D′, E ′, F ′ and G′ in Figure 5.15(b). The purple line corresponds
to the point A′ = (−0.01, 0.0073) which presents the minimum steepness at the
separation height D = 0.992. The red and black lines correspond to the points
F ′ = (0.015, 0.04) and D′ = (−0.045, 0.044) respectively. While the green and blue
lines correspond to the points G′ = (0.05, 0.1) and E ′ = (−0.09, 0.11) respectively.
the height D = 1, but when β < α the steepness reaches the minimum at the height
D = 0.992 and β > α when the height is bigger than one.
Another feature of these results is that as the entry height decreases and the
angle β increases, the height of the wave becomes very high and the waves start to
look highly non linear. In all cases considered, it was observed that the trailing edge
is just changing the solution to what it might be for a different value of α.
Typical free surface profiles when α = 0.02 with fixed separation height D =
0.992 and fixed Froude number F = 0.5 are shown in Figure 5.16 corresponding to
the points A′, D′, E ′, F ′ and G′ in Figure 5.15(b). The purple line corresponding
to the point A′ = (−0.01, 0.0073) which presents the minimum steepness at the
separation height D = 0.992. The red and black lines correspond to the points F ′ =
(0.015, 0.04) and D′ = (−0.045, 0.044) respectively. While the green and blue lines
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correspond to the points G′ = (0.05, 0.1) and E ′ = (−0.09, 0.11) respectively. These
nonlinear waves have broad troughs and narrow crests as the highest obtainable
waves are reached with maximum and minimum trailing angle.
5.5 Weakly non-linear analysis
5.5.1 Background
A common method of analysing such flows is to consider the long-wave approxima-
tion, in which the wavelength to amplitude ratio is large. This approximation is
valid as the Froude number approaches one since in that case the wavelength be-
comes very long. In this thesis our main interest is in flows into a lake or reservoir
and most commonly this will occur at low Froude numbers, but it is of interest to
consider what happens in the long-wave limit. The Korteweg-deVries (KdV) equa-
tion (Korteweg & Vries (1895)) is the accepted method for analysis of this case.
Maleewong & Grimshaw (2008) used this to analyse the flow behind a flat plate
using energy balance considerations and Binder & Vanden-Broeck (2006) used it to
analyse flow past an angled plate of finite length. They also considered flow over
bottom obstructions by solving the full problem numerically and also considering
the phase plane. Useful qualitative results were obtained in each case.
Here we will not attempt a complete analysis but we can use the Korteweg-
deVries equation to provide some useful qualitative ideas about the behaviour of the
waves in the flow. In particular, a simple phase-plane analysis can be performed to
give some indication of the limits on the flows obtained as the angle of the downflow





Y 2 − 6(F − 1)Y = 0, (5.16)
where Y is the elevation of the free surface (with Y = 0 being the level of a uni-
form flowing stream), and F is the Froude number. This equation is a nonlinear,
second-order ordinary differential equation and consequently one way to impose the
boundary condition is to give an initial surface height and angle. Maleewong and
Grimshaw (2008) used a detailed energy argument to find wave amplitude. Such
an argument is not used here, and instead we confine ourself to the unforced KdV
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equation and the range of possible solutions with waves for F < 1. Our simple
analysis is therefore merely to see if a flow has a particular Froude number, what
are the bounds on separation height and downflow angle. The phase plane is partic-
ularly suitable for this purpose. In the simple argument given here there is no way
to differentiate between the straight inflow wall and that with a corner. The only
thing determining the behaviour is the final angle of the downward sloping plate.
The phase plane is based on analysing contours in the plane of Yx vs. Y . Letting
S = Yx, and substituting gives two equations,




Yx = S (5.18)












This is a separable ODE and can be solved to give an equation for
S = ±
√
6(F − 1)Y 2 − 3Y 3 + C (5.20)
where choices of F and C give different contours in the (Y, S) plane. For example, if
for a flow with F = 0.9 and a downflow angle of α = −0.01 and a separation height
of YS = 0.01 then for a given F it is possible to determine on which contour the
solution lies, and hence the value of C, i.e. S = Yx = arctan(−α) = − arctan(0.01)
and Y = 0.01. More importantly, this phase diagram gives the maximum and
minimum values for both α and YS.
For wave solutions there must be at least two values of Y at which Yx = 0 to
appear on a single contour in the phase plane. i.e
G(Y, F ) = 3Y 2[2(F − 1)− Y ] + C = 0
must have at least two real solutions, so
G
′
(Y ) = 6Y [2(F − 1)− Y ] + 3Y 2 = 0 (5.21)
so that the turning points will be at
Y = 0 and Y =
4
3






(F − 1)) = 32
9
(F − 1)3 + C = 0
=⇒ C = −32
9
(F − 1)3
so 0 < C < −32
9
(F − 1)3 is the range of C values that gives waves, and the corre-
sponding maximum and minimum height Y are




(F − 1) with C = −32
9
(F − 1)3
Thus a curve similar to those in Figures 5.10(a) to (d) can be drawn from this weakly
nonlinear analysis. Note that if α = 0 the separation point would correspond to the
top of the crest or bottom of the trough of the wave. If α is slightly bigger or smaller
than zero then separation would be from near the crest or trough. However, for all
different cases there is no difference in the phase plane portrait because the KdV
equation is one dimensional and so upstream conditions are determined simply by
the first value of angle dY/dx. Therefore, the limiting contour for all cases for a
particular F is the one for which C = 32
9
(1 − F )3, and so this curve is comparable
to those in the previous chapter if we replace dY/dx by arctan(−dY/dx) = α. This
is shown for a range of Froude numbers in Figure 5.10. While this figure must be
symmetric, it does give qualitatively the correct behaviour. Figure 5.17(a) shows the
weakly nonlinear phase plane for the case F = 0.9 while 5.17(b) shows the weakly
nonlinear curve for F = 0.6. The case for F = 0.9 performs better and has the
right behaviour qualitatively to the curve (d) in Figure 5.10 because F −→ 1, but
for smaller Froude number (F = 0.6) the comparison is poor. In particular, the
existence of nonlinear solutions for increasingly negative values of α is not captured
in this analysis. A full nonlinear free surface profile and its weakly nonlinear portrait
and the fully nonlinear contour for value of derivative of y versus y along the free
surface are shown in Figure 5.18 for a fixed Froude number F = 0.9 and horizontal
entry α = 0 at a given separation height Ys = 0.01. The solid line in Figure
5.18(b) presents values of dy
dx
versus y showing the full nonlinear contour and the
KdV portrait is indicated as dashed line. At this high value of Froude number we
observe that the weakly nonlinear contour is in a good agreement with the nonlinear
contour and the shapes are nearly the same.
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Figure 5.17: The limiting contour for the existence of waves in the phase plane
obtained using the weakly nonlinear analysis for Froude numbers (a) F = 0.9 and
(b) F = 0.6. These contours can be compared directly with those in Figures 5.10(c)
and (d) for the full nonlinear solution.


































         Nonlinear
 −−−  KdV
(b)
Figure 5.18: (a) Nonlinear free surface profile for α = 0 and separation height
Ys = 0.01 at a fixed Froude number F = 0.9. (b) A comparison of weakly nonlinear
and fully nonlinear contours for the free surface profile given in (a). The solid curve
presents values of dy
dx
versus y, showing a full nonlinear countour for (a) and the
dashed line demonstrates the equivalent weakly nonlinear portrait.
A comparison of weakly nonlinear and fully nonlinear contours at the same entry
angle and separation height as in Figure 5.18 (α = 0 and separation height Ys = 0.01)
but with lower Froude number F = 0.5 is included in Figure 5.19. We note that the
weakly nonlinear contour does not agree with the fully nonlinear result which is as
we expected since the KdV equation is valid only for values of F close to 1.
This brief analysis reveals that the KdV equation provides a reasonable approx-
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imation to the wave behaviour for Froude numbers close to one, but as expected is
less useful as the Froude number decreases.


































       Nonlinear
−−− KdV
Figure 5.19: (a) Nonlinear free surface profile for α = 0 and separation height
Ys = 0.01 at a fixed Froude number F = 0.5. (b) A comparison of weakly nonlinear
and fully nonlinear contours for the free surface profile given in (a). The solid curve
presents values of dy
dx
versus y, showing a full nonlinear contour for (a) and the dashed






We consider an intrusion of fluid of constant density along the bottom of a lake
when the lake water is stratified with a linear density gradient related to the thermal
structure of a temperate lake zone. Such a stratification arises in lakes or reservoirs
when actions of the sun and wind cause heating of the free surface and downward
mixing (Imberger & Hamblin 1982). Layered system of stratified fluid occurs, for
instance, where warm water lies above cold water or at the interface between air
and water. We aim to compare our results with those of the unstratified case and
extend the understanding of minimum Froude number and stagnation height to the
case in which an ambient stratification exists in the reservoir. Of particular interest
is whether or not the stagnation height can be changed by the existence of the
stratification. A better understanding of the effect of the stratification on the inflow
will assist in better water resources management.
6.2 Formulation of the problem
We consider the case of a steady two-dimensional irrotational flow of an inviscid and
incompressible fluid of finite depth, bounded by a solid wall as an angled structure
above and channel bottom below with gap width G as before (see section 3.2). It
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is assumed that the fluid is flowing down the slope of the channel bed, detaching
from the solid wall and entering into the ambient fluid at the height of its neutral
buoyancy. The incoming fluid has a constant density ρ2. The density of the ambient
fluid of the lake is a linear function of height, and it is given by







where H is the total depth of the fluid of the introducing layer and ρ0 = ρ(y = H).
A sketch of the problem can be seen in Figure 6.1.
Figure 6.1: Definition sketch of intrusion flow into background density stratification.
We choose x, y to be the respective horizontal and vertical coordinates and u
and v the velocity components in the x and y directions.
Based on the assumptions of the fluid and the flow, we introduce a potential function
φ(x, y) and a stream function ψ(x, y), so that the complex potential f(z) = φ(x, y)+
iψ(x, y) is an analytic function of z = x+ iy corresponding to the complex velocity
df
dz


















= 0 −∞ < x <∞, y ≤ η(x)
i.e. within the intrusion flow, with boundary conditions
ψ = 1 on the upper solid boundary and the free surface (6.1)
ψ = 0 on the lower boundary. (6.2)
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which means that there can be no flow across the boundaries and the interface.
Now; in the lower layer if ρ(η = H) = ρ0 with linear gradient above, then







then the pressure at depth ζ by applying the Bernoulli’s equation above and below
the free surface is
P = P (H)− g
∫ η
H




equation (6.3) is to be integrated from H to η












and in the lower layer
P (H) = P1 +
1
2








ρ2(| q |2 −U2) + ρ2g(η −H) (6.7)






(η−H)2g = P (H)− 1
2
ρ2(| q |2 −U2)−ρ2g(η−H) (6.8)
after some calculation we get
(η −H) + U
2
2g′








(η −H)2 = 0 (6.9)
We non-dimensionalise the problem with respect to the length H and velocity U ,
with
η = Hη̂, q = U q̂
so that












(η̂ − 1)2 = 0 (6.10)
(η̂ − 1) + 1
2












= KD, and dropping the hat for convenience,





(| q |2 −1)− 1
2
KD(η − 1)2 = 0 (6.12)
where KD ≤ 0 represent the stratification in the ambient fluid. Note the new term
in the equation has a quadratic dependence on elevation of the interface.
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6.3 Numerical procedure
The numerical method used to solve the fully nonlinear problem with smooth free
surface for the stratified case is the same as that presented in section 4 and 4.2,
which is based on using the integral equation in the physical plane and solving
for the fluid velocity on the free surface subject to the condition (6.12) and the
boundary condition (6.1). All equations remain the same and the only difference is
the modified Bernoulli’s equation. We modified both codes (surface angle method
code and physical plane method code) to include the extra term. The numerical
scheme converged as before (see 4.2) and results are discussed in the next section.
6.4 Results
Computation for the fully nonlinear problem with smooth free surface was performed
for different inflow angles and Froude numbers for the case in which the ambient
stratification exists in the reservoir. We are interested in observing the effect of
increasing the stratification in magnitude on the free surface and the maximum
height of the separation. We know that the free surface reaches the maximum
height of separation at the point in which the fluid velocity is zero. At this point
we can calculate the exact stagnation height of the free surface using the Bernoulli’s




(ηs − 1)2 =
1
2
F 2 + 1.
and solving the quadratic for η we get






Using the formula in (6.13) to obtain the exact stagnation height we found that
as the stratification KD increases in magnitude, the stagnation height decreases.
This is shown in Figure 6.2 which demonstrates the relationship between the Froude


























Figure 6.2: Plot shows the exact stagnation height with varied stratification KD =
0,−0.5,−1.8,−3 .
In Figure 6.2 we observe that, for every value of the Froude number the maximum
separation height for the unstratified case, i.e. KD = 0 differs greatly from the
stagnation height in the presence of the stratification and as we reduce KD the
stagnation height reduces.
In general, for a given value of the Froude number, we are able to determine the
exact stagnation height for the free surface and we can restrict it by decreasing the
value of the stratification KD. Noting that, the presence of the stratification has
little effect on the free surface shape.
Typical free surface profiles with varied stratification KD = 0,−0.5,−1.8,−3
at a fixed Froude number F = 3.3 and specified gap width G = 2.93 are shown in
Figure 6.3 for a given entry angle α = −π
2
, and some other gap width G = 1.54,
F = 3 are shown in Figure 6.4 for α = −π
4
. We specified the gap by putting the
separation point as one of the unknowns of the problem. For both cases, we obtain
an increase in the free surface separation height by increasing the magnitude of KD.
Also, it can be seen that for different KD values, the free surface has almost the
same shape, which is as expected since the main effect of the stratification is on the
separation height of the flow.
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Figure 6.3: Typical free surface profiles for a fixed Froude number F = 3.3 and
entry angle α = −π
2
. The profiles at the same gap width G = 2.93 and different
stratification KD = 0,−0.5,−1.8,−3 .






















Figure 6.4: Typical free surface profiles with the same gap width G = 1.54 and
different stratification values KD = 0,−0.5,−1.8,−3 height at wt = −0.1 for a
fixed Froude number F = 3 and entry angle α = −π
4
.
It is important to note that in all stratified cases considered, there is nonunique-
ness in the solutions for any value of the Froude number F that is close or slightly
higher than the stagnation value. Similar to the case in the homogeneous fluid that
was considered in section 4.3, we start to find a solution at a small Froude number
by fixing the separation point wt at one value and decreasing the Froude number.
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Figure 6.5: Plot showing the relationship between the separation point wt and the
gap width G at a fixed entry angle α = −π
2
. F = 3.919 and KD = −3. The
top figure demonstrates the case in which the Foude number F = 3.919 and the
stratification KD = −3, while the bottom panel shows the case with F = 2.577 and
KD = −0.5. The solid curve demonstrates where these non-unique solutions are
located and the dashed curve shows the separation height for every solution.
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We fix the gap width of the previously calculated solution by allowing the separation
point wt to be an output in the code to find the other solution. Further solutions
were then obtained by gradually decreasing the separation point and using the gap
size from every solution until we get unique solutions that have the same gap size
and the same separation height.
Figures 6.5(a) and 6.5(b) show the relationship between the separation point wt
and the gap width G and they demonstrate the range of these non-unique solutions
for the case with Froude number F = 2.577 and KD = −0.5, and the case with
Froude number 3.919 and stratification KD = −3 for a fixed entry angle α = −π2 .
Here we will demonstrate the effect of the stratification on the wave solutions
and examine if changing the stratification results in the same behaviour as KD = 0,
the uniform case. Figure 6.6 shows an example of free surfaces calculated with the
highest angle α at a particular separation height h = 1.02 for the case F = 0.5
with different KD values, KD = 0,−2,−5. We note here that all solutions have
broad troughs and a sharp crest which increases in height as the stratification KD
increases. The dashed line in the figure indicates a solution with the case KD = 0
where the maximum entry angle is α = 0.1125, the dotted line shows free surface
profile at stratification value KD = −2 with maximum α = 0.1, while the solid line
represents a free surface solution for the case KD = −5 with maximum entry angle
α = 0.0975.
Simulations to map the region of steady solutions were carried out in the same
manner as those in section 5.4.2 but with the stratification value chosen here as
KD = −2. Figure 6.7 gives a comparison of solutions with two different stratifica-
tion values for the case of Froude number F = 0.5. The dashed line represents the
entry angle corresponding to the height of elevation and shows the region in which
these solutions exist for the case KD = 0, while the solid line presents the case with
more stratification KD = −2. We observe that the solutions with the stratification
value KD = −2 exist over a similar region to those with KD = 0, but the maximum
α that is reached for fixed separation hight in most cases is slightly less than those
with zero stratification, except the solutions with negative angles at the lower curve
where the curve expands from the solid line as the solutions move down toward the




















Figure 6.6: Typical free surface profiles computed at the maximum entry angle
α with a fixed separation height h = 1.02 for various stratification values KD =
0,−2,−5 for Froude number, F = 0.5. The maximum α at which the wave solutions
exist at KD = 0 is α = 0.1125, maximum angle is α = 0.1 with stratification
KD = −2. The highest entry angle reached for KD = −5 is α = 0.0975.























Figure 6.7: The region in which wave solutions exist for two different stratifications
KD = 0 and KD = −2 for the case of Froude number F = 0.5. The solid diagram
indicates the solution region where the stratification is KD = −2, while the dashed
diagram presents the region of solution with KD = 0.
Figure 6.8(a) gives the shape of the free surface computed with an entry angle
α = 0.09 for a fixed separation height h = 0.92. This value of α = 0.09 is the
maximum angle at which wave solutions exist for a given lower height of separation
h = 0.92. We note that this solution looks nonlinear in shape with broad troughs
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and sharp crests. Figure 6.8(b) shows a typical free surface profile computed at the
limiting negative α where α = −0.68 for the height of separation h = 1.113. It
is of interest to see how the solutions change their behaviour at the limit in which
the maximum negative α is reached. Instead of forming the limiting waves with
broad troughs and sharp crests, the waves are of smaller amplitude rounded tops
and bottoms. This behaviour is only observed in solutions close to the limiting
sloping angle α = −π/4. It is likely that the limiting solutions in these cases have
a stagnation point at the separation point. It seems that the solutions can not




































Figure 6.8: (a) Free surface profile calculated at entry angle α = 0.09 (down flowing
entry) with separation height h = 0.92 for F = 0.5. (b) Free surface profile cal-
culated at entry angle α = −0.68 (upward flowing entry) and height of separation
h = 1.113 for Froude number F = 0.5.
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Chapter 7
Conclusions and suggestion for
future work
The work described in this thesis has considered steady two-dimensional flows into
lakes and reservoirs. We have studied an intrusion resulting from a stream of fluid
flowing down a sloping channel bed with an angle α and along the bottom of the
lake or the reservoir.
The shape of the unknown single interface has been computed for a range of
inflow angles and flow rates using a surface angle method. Solutions with a smooth
interface were found to exist for all Froude numbers greater than some minimum
values, up to and including F → ∞. Meanwhile, solutions with a corner occur for
small Froude numbers and its limiting case has a stagnation point at the separation
point. Furthermore, an analytic solution has been obtained at high flow rate and
this was found to give good agreement with the solution to the nonlinear problem
formulated by conformal mapping and integral-equation techniques. Additionally,
it was found that for a given entry angle there were always non-unique solutions at
every value of the Froude number that is close to the stagnation value.
Solutions with waves on the down stream free surface have been investigated
for intrusion flows from the angled structure with small angle α. Solutions have
been computed numerically using a physical plane integral equation formulation.
There were limits of separation height on the solution domain and also limits on the
entry angle α for which solutions can be obtained. Numerical solutions were carried
out to obtain the range of the entry angle over which these wave solutions can be
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obtained and the range of the separation height for which these solutions exist for
different values of Froude number. For all values of Froude number considered it
was observed that solutions could be obtained right up to the value of height close
to the stagnation height. Also, it was observed that in most cases the limiting entry
angle was down around α = −π
4
and the reason for this has not been investigated.
The effect of the addition of a small trailing flap on the angled structure to see if the
flow can be modified to minimize drag forces on the structure has also been studied
in this thesis and it was found that the trailing angle effectively just changed the
solution to what it would be for a different angle α. No waveless solutions were
obtained with Froude number less than one.
The intrusion of fluid flows along the bottom of a lake have been extended to
the case in which the lake is stratified in density. The exact stagnation height was
found at a different Froude number and stratification using the modified Bernoulli’s
equation and we found that the stratification in the ambient fluid is a significant
factor in determination of the stagnation height of the separation. A modification
to the surface angle method is used to solve the problem and results showed the
effect of the presence of the stratification on the height of separation. Interestingly,
non-uniqueness in the solutions on the free surface has also been observed in the
stratified case. Also, we considered the case with waves and the stratification was
found to make little difference to the solutions at the limit in which the maximum
entry angle is obtained. The range of the entry angle over which these wave solutions
can be obtained and the range of the separation height for which these solutions exist
is also found at the value of stratification KD = −2 and the comparison with the
unstratified case was examined.
It is not clear in the non-uniqueness in the solutions case which of the two possible
solutions would evolve in reality. It may depend on the flow history, or it is possible
that one solution is unstable, while the other is stable. A possible direction for
further work is to resolve the unsteady calculation and consider the stability. The
other interesting topic for future work is to look at the shape of the free surface
close to the limiting values for which the angle α is down around α = −π
4
since the
reason for this limit was not determined. In other cases the limit on solutions with
waves seems to be due to waves reaching maximum and minimum steepness (Stokes
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limiting configurations) or the separation height approaching the stagnation level.
The models can be extended to consider viscous effects and flow in the other layers
and future work would include refining assumptions of the model. However, there
is much to be learned even with the simple models considered here.
In this thesis we have considered steady two-dimensional flows into lakes and
reservoirs. We have considered high flow, smooth flows using analytical and nu-
merical methods, low flow rate solutions with waves over a broad range of flow
parameters and finally considered the impact of stratification in the ambient fluid.
Except where indicated, the work described in the different parts of this thesis are,
to the best of my knowledge, new. This research has provided a greater understand-
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